Abstract-This paper deals with the modeling of the brushed DC motor used as a reinforced starter for a micro-hybrid automotive application. The aim of such a system, also called "stop-start", is to stop a combustion engine when the vehicle pulls to a stop, and to restart it when the driver accelerates. A reinforced starter is able to ensure this new function in addition to the classical cold start. Then, its life time has to be widely increased in comparison with a classical starter. They have to be optimized, and more especially their process of commutation in order to minimize commutator and brush wears, and thereby increase the lifetime of the device up to the whole life of the vehicle. The main contribution of the paper is the development of a coupled FE-circuit model taking into account local saturation and arc phenomena. Brush-segment contact resistance introduced in the circuit model has been computed efficiently and compared to measures. The whole model has been validated by experimental measurements which are carried out with specific experimental test benches.
INTRODUCTION
In order to answer the new European standards for fuel economy and reduction of greenhouse gas emissions, the automotive industry proposes technologies which are more respectful of the environment. They have been classified in three levels: full-hybrid, mild-hybrid and micro-hybrid which is also known as stop-start system. The present paper focuses on the last one. Such electromechanical conversion has the capability of energy recovery allowing the reduction of fuel consumption. This function can be provided by a starter-generator or even just a reinforced starter. The starter-generator system has been studied and tested in many situations in both electric vehicles and aerospace applications [1] [2] [3] [4] [5] . Such electromechanical conversion has the capability of energy recovery allowing the reduction of fuel consumption. Different topologies of stator windings can be used in order to increase the compactness of such devices [6, 7] . Actually, the development and study of a stop-start starter require detailed study of commutation phenomena. A bad commutation is harmful in terms of performance and also in terms of brush wear [8] , which is directly related to the lifetime of the starter. The latter presents an electrical wear due to electrical arcing, and a mechanical wear proportional to the number of cycles made by the starter. The modeling of arcs in brushed starters is then essential to extend the expected life of these devices.
Nowadays, it is said that modeling DC machines attracts little interest when it is considered such as RLE circuit. However, if the model has to take into account commutation, arcs and local saturation of the armature, the problem becomes more interesting and difficult to carry out. Several kinds of models can be used. For example, we can use a model where the circuit inductance and no-load EMF are computed by finite elements [9] [10] [11] [12] [13] [14] . This kind of models has the advantage of being fast. However, saturation of iron core and magnetic coupling between field system and armature coils are phenomena which are not correctly taken into account with such models. Skin effect in DC motors with solid iron pole shoes is not considered at all. In this paper, a circuit-field coupled model is proposed with a time step solving of both circuit and field equations. This kind of models is available in some finite element software products and allows consideration of all the magnetic phenomena difficult to model so far. Therefore, the main contribution of this paper consists in the implementation of a model which takes into account the Brush-segment contacts thanks to switches and variable resistors [15] . A model of the electric arc is also implemented.
MODELING OF THE BRUSHED DC STARTER
In the first approach, the simulation of machines with mechanical commutator can be based on a model which neglects the phenomenon of commutation which is then studied separately. This kind of modeling is sufficient to have an overview of the behavior of the machine when it is supplied with a DC voltage. However, the modeling of the commutation phenomenon is essential to preventing the damage of the brush-commutator system.
Equivalent Circuit of the Starter
DC machines are composed of a field system in the stator (which is wound) and armature coils sections connected in series by the brushes-segment system. The role of the brushes is to supply armature sections with alternating current so that the field created by the armature is orthogonal to the field created by the coils in order to maximize the magnetic coupling. The general circuit is represented Figure 1 . The positions of brushes on the commutator determine the electrical behavior of armature sections. It is possible to know, for each mechanical position of the rotor, which segments are covered by brushes; this is illustrated in Figure 2 . For our common range of brush and segment width ratio which are respectively called α and β on Figure 3 , where N s is the number of segments, two or three segments in contact with a brush can occur at the same time.
A Brush-segment electrical contact will be modeled as a resistive voltage drop called V a i and V c i in Figure 4 for the voltage drops respectively under the anodic brushes and the cathodic brushes. Knowing 
The Brush-Segment Contact
The characterization of the electrical Brush-segment contact is certainly the most difficult point in the modeling of the starter. Many authors have already proposed different kinds of contact modeling [10] [11] [12] [13] [14] [15] [16] .
Generally, the voltage drop between a brush and a segment is modeled by a variable resistance due to two phenomena: the resistance of the brush body and the voltage drop at the sliding interface.
These two elements are Brush-segment common surface contact dependent. Considering the α and β coefficients that respectively represent the segment width ratio and the brush width ratio as shown on Figure 3 , we can build the ∆S function as the common surface between a brush and a segment. This function is characterized by three parts as shown in Figure 5 (the total mechanical contact equals to (α + β) × 2π/N e , and a constant step exists when β > α).
Knowing the ∆S value at each position for each Brush-segment contact, the aim is to build the equivalent contact resistance. Some authors use a conductance model proportional to the ∆S value [17, 18] . This model is rather good in a first approach but not accurate enough because it considers the current lines to be orthogonal to the contact; the current distribution is more complex in real conditions. Moreover, the brush can be made with anisotropic resistivity material [19] or with multi-layers. In automotive starter applications, brushes shown on Figure 6 are made with two layers of electric resistivity ρ 1 and ρ 2 in order to increase contact resistance at the end of the commutation and thus reduce arc occurring. Figure 4 . Equivalent electrical circuit of the armature represented in Figure 1 for the specific position of the brushes on the commutator represented on Figure 2 (the anodic brushes are in contact with the segments number 8-9-18-19 when the cathodic ones are in contact with the segments 3-4-5-13-14). In the following, we propose a measurement method to characterize the electrical contact resistance which is a function of the position θ. We also develop a numerical approach using the finite element method.
Measurement of the Electrical Behavior of the Brush-Segment Contact
Generally, the main difficulty consists in the identification of lumped parameter of the model which combines many physical phenomena [20] . The measurement of such a sliding contact is difficult and not common in the literature. Authors often try to characterize the electrical behavior of a brush-ring sliding contact typically for synchronous machine applications [21, 22] . In the case of commutator machines, it is much more complex than a basic brush-ring contact, because the current and the contact surface between the brush and the segment continuously evolve. We develop a specific device with a blank commutator composed of 19 segments mounted on a shaft. Segments are connected in order to form two isolated groups, and two brushes are connected to a DC source. Subsequently, the shaft is driven at constant speed with an auxiliary motor allowing two conducting periods per mechanical revolution. The device and its principle can be seen in Figure 7 . A system with an external brush-ring allows monitoring the Brush-segment voltage drop (U 1 − U 2 ) while the contact is sliding. The current is also measured thanks to a Hall effect sensor. Finally, the total contact resistance (in the brush body and in the interface) is deduced as the ratio of the instantaneous voltage and current.
The aim of such a device is to measure the contact resistance versus the θ value; the use of the term of "resistance" suggests the behavior to be independent of the contact current. However, the layer located between the brush and the segment, and composed of a mixture of copper oxide and carbon dust, has a non-linear behavior.
Measurements of the device have been carried out with two different values of the current (I 0 and 3I 0 ) as shown on Figure 8 . Although the current is three times bigger, the obtained voltage drop (U 1 − U 2 ) waveforms are not linked by the ratio 3. This refers to a non-linear behavior. The measurements show that the voltage drop increases with a factor greater than 10 between a full contact (θ = 0 • ) and just before the end of the mechanical contact when θ = (α + β) × 360/N e . The device can only display electrical behavior of the second part of the contact where θ > 0 • . 
Modeling of the Brush-Segment Contact
For more accuracy, a finite element model using current flow equations can be used to identify the equivalent contact resistance (see Figure 9) . A similar numerical approach has been used for the study (a) (b) Figure 9 . Current flow F.E. model for Brush-segment contact resistance and example of current density for an imposed position θ.
of brush body resistance for universal motors where carbon brushes are employed [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Authors have noticed the importance of considering the current flow between segments located under the same brush.
The voltage drop at the interface is often added using an analytical expression regarding the contact area ∆S as in [10] or the current density as in [11] . Regarding measurements made in Figure 8 , we can say that the total voltage drop (i.e., in the brush body and at the interface) mainly depends on the contact area in our application. Moreover, it is well known that the voltage drops are different under anodic or cathodic brushes. We will neglect this phenomenon in the following.
Thus, the distribution of current density in the brush is complex because of the use of doublelayered brushes (shown on Figure 6 ), and a Finite Element model seems more relevant. We propose to identify the equivalent contact resistance using current flow computation. The voltage drop at the sliding contact is also integrated in our numerical approach by considering a highly resistive thin layer at the contact (ρ 4 ρ 3 ) as showed in Figure 9 . The ρ 4 resistivity is chosen to correlate our model with measurements as shown on Figure 10 .
The F.E. computation of the current flow is based on a scalar potential formulation. The current density J (see Figure 9 ) is obtained from differentiation of the field of potential. The two surfaces represented with black lines are considered as two Dirichlet boundary conditions, respectively with V 1 and V 2 voltages. The V 1 potential is related to the potential of the brush cable and the V 2 potential at the bottom of a segment.
Resistance is finally deduced from the Finite Element calculation of the electrical power W using the definition:
where:
• l br is the axial length;
• J i is the current density in the ith element of the mesh;
• ρ i and Se i are respectively the electric resistivity and the surface of the ith element.
In order to validate this model, experimental measurements have also been carried out to determine a resistance of a Brush-segment which depends on the position. The test bench presented in the previous section allows to determine the equivalent resistance for a given geometry. Figure 10 shows the results of the measurement (blue) and those provided by finite element model (red).
Model and measurement show a significant increase of the resistance at the end of mechanical contact. It may be noticed that this resistance is multiplied by ten comparing the "full" contact and the end of mechanical contact, just before the electrical arc. In the following, we will assume that the current through the Brush-segment is relatively constant during the real operation of the starter. It means that we can consider the electrical contact as purely resistive and use the numerical model as previously described. This assumption will be discussed in a next section.
Modeling of the Arc
At the end of the mechanical contact, when the segment leaves the brush, an arc occurs until the total extinction of the current. In this case, an arc voltage is added to the ohmic drops in the brush and the segment. This voltage (2) depends on the arc current (I a ) and also the length of the arc (e a ). Several authors have proposed models for the arc [10, 11, 16] . We adopt an "external" model as the "Ayrton" model that involves the arc length and intensity. This semi-empirical model (2) is suitable to be implemented into a circuit model.
By ignoring constant and the D coefficient, we consider the following simplified model:
And the two coefficients (B and C) of (3) are determined empirically.
IMPLEMENTATION OF THE MODEL IN A FIELD-ELECTRIC CIRCUIT COUPLED MODEL

Introduction
Strong coupling models combine field equations with those of the electrical circuit in the same differential system [23] . Time stepping finite element are wildly used for the study of brush less DC motors [24] , induction motor [25] [26] [27] [28] , or current transformers [29] . However, switching model for brushed DC motor remains complex and unusual. Various software (Flux2D, ANSYS Maxwell, Opera-2d . . . ) provide this feature that facilitates the user's work [16, 17, 30] . We have developed an approach using the FLUX2D software in batch mode controlled with a Python code to model the switch as defined at the previous section. The main program uses the results of the previous iteration to determine the state of the circuit at the current time and provide the appropriate values of contact resistances and arc voltage. The principle of the algorithm is described in Figure 11 . Figure 11 . Description of algorithm with magnetic/electric coupling.
Resolution and Mesh Description
We solve a transient magnetic time-stepping problem coupled to an electrical circuit at constant speed. The electrical equation solved is: The speed Ω is assumed to be constant. The angular step ∆θ has to be adapted to the size of the mesh in the rotating air gap. Authors have already studied movement for field computations in such situation [31] , and the moving band method is used here [32] . This step must be connected to the size of an element in the air gap in order to limit numerical instabilities (in particular for the calculation of electromagnetic torque) due to mesh noise. The mesh description of the entire machine is shown in Figure 12 and in Figure 13 for the air gap. Mesh in the stator must be particularly refined to take into account eddy currents in the solid iron pole shoes.
Implementation of the Brush-Segment Contact Resistance and the Arc Voltage in the Coupled Circuit
As mentioned in the previous section, the knowledge of the equivalent resistance on voltage drop is essential for the study of commutation. The Brush-segment contacts are modeled in the circuit by Figure 12 . Description of the mesh in the entire machine. Figure 13 . Description of the mesh in the air gap. (6); the other terms are obtained by circular permutation. The R 1,1 (θ) term has been calculated and measured and shown on Figure 7 .
When no mechanical contact exists and if the current in the related coil is not totally reversed, an arc can occur at the brush trailing edge. In such situation an additional arc voltage is added to the model in series with the corresponding switch. The switch is then stuck in the "closed" position and an arc voltage is added to the contact resistance until the arc vanishes, i.e., the current in the coil is equal to the current in the main path considered (the currents comparison is ensured by the algorithm). The arc voltage characteristic has been explained in the previous section.
RESULTS, DISCUSSIONS AND COMPARISON WITH MEASUREMENTS
Description of the Test Bench
Direct measurements of armature current during rotation in brushed DC motors are often made [8, 10] . In most cases, it concerns high voltage/low current motor so that two slip rings with brushes are used to exit one coil current while the armature is rotating as illustrated on Figure 15 . Current can thus be measured thanks to a Hall effect sensor. In the case of a car starter, this technique is much more difficult to carry out because of the low resistance of the armature coils compared to the additional resistance of the two slip rings connected in series. In our specific armature, we use 4 copper composition brushes in parallel per sliding ring in order to have a sliding contact resistance as smaller as possible. All the others coils of the armature are also designed (with a smaller inner copper diameter) to have an armature winding electrically balanced (same resistance per section). The developed armature also enables the measurement of the potential of the two segments (called V 1 and V 2 ) located at the bottom of the considered coil as shown on Figure 15 . Finally, the device allows the knowledge of all of the internal waveforms (coil current and voltage, Brush-segment voltage drop) characterizing the commutation phenomena.
The prototype, shown on Figure 16 , is driven at constant speed with an external motor and supplied by a 12 V voltage source. The brushes and the armature used on the device have been run in before the measurements in order to have a good shape of the brushes and a good commutator film quality. 
Comparison of the Model with Measurements
Results of the previous model can be compared to measurements thanks to the specific test bench. We are going to compare coil current waveforms ( Figure 17 ) and Brush-segment voltage drop waveforms ( Figure 18 ) for one operating point (6000 rpm) and a negative brush shift angle (−5 mechanical degrees) during one mechanical revolution.
We first observe that both waveforms are relatively close to measurements especially in terms of amplitude. However, we can notice that the calculated current waveform (Figure 17) does not fit to the measured one during the commutation process. The model predicts a reverse phenomenon of the current appearing approximately at the middle of the commutation which has not been observed at all in practice. This reverse phenomenon corresponds to when the current that flows in the contact (Figure 19 ) is negative. It means that the purely resistive model used does not fit here because the brush to segment current is not constant at all during the commutation process as assuming previously. In the following, we will propose a new electrical model for the brush to segment sliding contact to improve the model versus the measurements and consider the non-linearity of the electrical contact.
Improvement of the Sliding Contact Model
It consists in taking into account the non-linearity of the contact that has previously been highlighted thanks to specific measurements (Figures 7 and 8) . We introduce a current dependency when calculate the resistance of a brush to segment contact. For example, we can use the simple low given in Figure 20 . Knowing the value of the current that flows in the contact during the previous position, we deduce the ratio to apply the resistance r sat calculated as previously explained (regarding the ∆S common surface between the brush and the segment). In this case, the ratio is comprised between one and three. This new model still does not make difference between anodic and cathodic contact (which can also be differentiated by the sign of the current that flows in the contact).
The procedure of the non-linear resistance achieving is described on Figure 21 . The others steps remain the same as previously.
We compare, in Figure 22 , current waveforms obtained by the model using the pure resistive contact resistance and the new approach previously given for a speed of 6000 rpm and a positive brush shift angle of +1 • . In practice, such a positive angle is disallowed to limit arc production. Both resistance models (the purely resistive and the non-linear ones) are compared here because the "reverse" phenomenon observed during the commutation in the current waveform is particularly present for positive brush shift angles. We observe that the amplitude of the phenomenon is divided by three when comparing the purely resistive model (∆I 2 ) and the non-linear model adopted (∆I 1 = ∆I 2 /3).
Improvement of the Commutation Phenomena
The developed model provides, with a good accuracy, the knowledge of internal variables especially during the commutation process. Some direct measurements allowed taking a critical look on the developed model. We can now use this approach to improve the commutation behavior of our device by adjusting some build parameters such as the brush width or the brush shift angle.
We can first search the effect of the brush width on the commutation and performances. The duration of the commutation is proportional to this parameter. With a same brush shift angle, it is possible to use a greater width of the brushes to start the commutation sooner and thus help the inversion of the current (thanks to a greater E.M.F induced in the section). We have made simulations with three different brush widths to segment width ratios at the same speed: 1, 1.4 and 1.8. Current waveforms are displayed on Figure 23 .
We note that the arc at the end of the commutation process is approximately the same in the three studied cases. Regarding the numerical results, we can say that the benefit of having a larger brush width (i.e., a longer commutation duration) is not significant. Moreover, it is also not beneficial for the electromechanical conversion. Results are displayed on the Table 1 ; average battery currents and electromagnetic torques are expressed in per units which refers to the 1.4 brush width ratio.
We observe that the 1.8 brush width ratio case leads to the same level of torque with a current level increase by 7% which is harmful for the electromechanical conversion. The 1.0 brush width ratio has the best static performance but such a ratio is too small to ensure good stability of the brush on the commutator. 
CONCLUSION
This paper deals with the modeling of brushed Starter for a micro-hybrid system in automotive application. The main objective is to have an accurate model which takes into account many phenomena such as contact resistance of the brush-commutator, local saturation and electric arcs. The model uses a finite element calculation of electromagnetic fields in the armature and current flow in the brushes. It is based on a strong coupling with the circuit model taking into account the Brush-segment contact and the electric arc that occurs at the end of the commutation phase.
The model of the contact resistance based on current flow equations in the brush-commutator system is validated with experimental measurements on a specific test bench. In addition, a prototype has been constructed to make the measurement of the current in a rotor section possible during the normal operation of the DC starter. These experimental results validate the coupled model developed in this paper.
This model can be used as a designing tool to improve starter behavior through modifying the commutation process and minimizing the arc amplitude at the brush trailing edge. The use of this model in a multi-objective optimization process requires a reduction of CPU time (of the fitness or constraints functions) which is not recommended here. However a parametric variation process using static performances can give a best structure of the motor. And then, the coupled model can be a posteriori used to study deeply the transient behavior of the starter. Such complementarity of models is very beneficial for improving the performances of complex systems.
